PID Design with Filter for Servo Motor Applications
Abstract:

This document is intended to serve as a design tool for PID design in motor servo systems.

It begins with the PID Velocity Control Loop Model and a DC Motor Model. Then target specifications are
defined and by application of a PID Direct Synthesis Method, the Controller is designed. Analysis in both
the continuous and discrete frequency domain is presented. A second order, critically damped filter, is
detailed to be included in the closed loop and the selection of the sampling frequency is discussed. Time
delays are modeled and included in this analysis.

This document is divided into 12 parts:

Part 1 — Introduction and PID with Filter Model

Part 2 — Velocity Loop with Motor Model

Part 3 - PID Direct Synthesis Method

Part 4 - PID Analysis in the Continuous Time and Discrete Time Domains
Part 5 - The Filter in the Continuous Domain and Discrete Domain
Part 6 — Inclusion of Time Delays; Filter and Zero Order Hold (ZOH).
Part 7 - Open and Closed Loop Gain and Phase

Part 8 — Step Response of the Finished Design

Part 9 - Changing The Closed Loop Bandwidth

Part 10 — Integral Anti-windup

Part 11 — Summary

Part 12- List of References
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Part 1 - Introduction and PID with Filter Model

This document introduces a filter to be used at the controller output so that the proportional, integral and
derivative outputs share the same time delay for all parameters. Refer to Figure 1 below.

PID Compensation
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Ge(S)= —- = ——
“®=%s = E6
Velocity Loop Servo Motor Controller using a PID
with an output Filter

Figure 1

The Block “ *“ is a placeholder to be used at the end of this document.
It is treated as a Unity Gain Block for now.
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Standard Form for a PID Controller is given by EQ 1

, ‘
Ge(S)=Kp| 1+ —+S-Tp EQ1
S-Tp
Units
\'% V  rad
Kp = —_—— =1V
nd nd s
S S
v
=
Us \% \% Y
Ky = -F \s) _, V¥V V orad_ |V
Ti s rad rad s s
VvV A" V  rad 4
Kp = Kp-Tp — = ] — — T =1Vs
T o 2
PID parts
Gep(S) = Kp EQ2
Kp 1
Gep(s) = —-— EQ3
ci( 'S
Gep(S) = Kp-Tp-S EQ4
Gc(S) = Gep(S) + Ger(S) + Gep(S) EQS5

A PID Controller with an Output filter, F(S) as depicted in Figure 1 above
is given by EQ 6:

Gcr(S) = Ge(S)-F(S) EQ6
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Part 2 - Velocity Loop with Motor Model

Before we discuss the control loop design, we will focus on the DC Motor Model. Refer to Figure 2.

DC Motor
Motor
) r——— |
@ 1S) - | )|
i 0 ot (S
+ 1 1 " 1 | -
Ge(S) ™ SL+R gl §1+D I
i | |
- | - |
| Ge(S) |
|
Vbem |
| bemf | ke | |
| |
I_ _____________________ J—

Velocity Loop with DC Motor Model

Figure 2.
The Transfer Function of the Motor is given by:
rad
®oyt(S) Kt -
= Opffym —
Vin(S) S’ (L-J) + S«(R-J + D-L) + (K1-Kg + R-D) b4
Second Order Process
E rad
LJ -
Gp(S) = 5 EQ7
R D KT'KE+ R-D
STrs{=+—= |+ ( ) v
L J L-J
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For an example of an underdamped motor - use Example 2 Motor from Introduction to Brushless Motor
Parameters and Figures of Merit by Frederick York. BEI Kimco DIP30-07-001A

-
Il
o
e
Il
»h
N
-

= 2 - N' *x =
J = 1.36-10 -kg-m D := 8.69882-10 5.—:‘ Correction
1a
s
N-m J . ,
Kt = 0.1957-T Kg = 0.226- - Assumes a sine wave drive
1a
)
_ L ]
Ie = E Tm = B
T, = 0.00143s T, = 0.15634s
(KT Kz +RD)
On = I° 0, = 64108222
L-J *en = . -T
1(R D
S
[ = ——= - = 0.55094
(@)

e

This is a second order underdamped Process. The method outlined in the document Cascade PI
Controller Design using a Limited Span Method, by Frederick York, provides one solution.

In the document Cascade Pl Controller Design using a Limited Span Method, by Frederick York,
it was listed in the Summary Table on Page 8 that 5 wD < Wp < Wsampte_rate/ 10. FOr WD =100 rad/s, and

Wsample_rate = 2 Tt 10,000 rad/s the ratio is easily met. Therefore, the Example 2 analysis, where x =2.716
for a wsasr = 22.06 rad/s is preserved for this motor. Note that the setpoint Lag Filter is still needed
Wz(2.716) = 13.556 rad/s.

Itis this example to which the following PID design is compared.
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Part 3 - PID Direct Synthesis Method

«S
Ge(S) = 15 EQ8 Ignore F(S) for now
c(S)
Gp(S)/| 1 ———
r(S)
r(S) isthe setpoint  ¢(S) is the desired output Gp(S)  isthe "practical" or desired respon

Then Gc(S) is the required controller transfer function to make this happen.

For this motor example we include a transport delay, 0 (To be addressed later)

k- _9.
Go(s) = ez (-0:5) EQ9
s2itis2Lt+ 1

c(S) _ exp(-0:S) EQ 10

and =
r(S) I+ 1.-S

Using EQ 8, 9 and 10 we get:

1

-exp(—@-S)
(2?4 s2:041) 1478
Ge(S) = '
k-exp(—O-S) - exp(—e-S)
I+1.-S
2 2
(s g +s-2-g-r+1} 1
k [(1 + rc-S) - exp(—O-S)]
Approximating exp(_e.s) as = 1-6-S
(221 s2.041)
Gc(S) = EQ 11
kSt +6)
Then
Ge(S) = 267 -(S- LA ! + 1) EQ 12
ket +0) \ 2 2:¢tS
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Equating to termsin EQ 1 -

Kp=—2°" _ EQ12a T =2¢1 EQ12b  Tp=—— EQA12c
k(v +0) 2.4

T = 1.55986 milli-s L = 0.55094

1 2

T = 1. = 45455x10 s Select o =01
rad
S
and
& nd
. k = 4376575 : FromEQ7,S=0
(Kg-Kr+R-D) v
L-J
2-C1 A% -
Kp = ———— Kp ;= 0.008599 Assume for now that 8 =215.55* us
k(t.+8) = We will derive this later.
s
T
Tp = o Tp = 1415.6362p-s
Tp= 201 Ty = 1.7188 milli-s
Te = a-Tp Te = 1415641 1 _ 706396 ™
f S
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This adjusts the double pole frequency location

- 155377 !
Fy = 1353714 so that the 3 dB frequency, (Continuous Time
Frequency Domain)is
+
located at 2
Tg
T 1 d
Y= — y=9111ps = = 109758 —
| v s
1 rad
= = gt 1 rad
= — 2_
e . - = 641.082—
Derivation of Fx value
For a Second Order Filter -
1 1
FlQ) = - [F(Q)] = -
Q Q 2 2
QnF QnF QnF F QnF
Atthe 3dB frequency Qg
1 -1
Jz

Q) 2 Q) [ Qus ) ’ 9) 2
1= +|2-Cp B 3dB P 3dB _
e T [ bl
Expanding

4 2
Q34 Q348
(QnF} _2.( an} .(2.CF_1)_1_2

Q
Solving for L. Fy

Q348
-1
5 \2
Fy=| J1-2:Cp+ (2-&;F —1) +1
For Cr=1
F, = 1.553774
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Part 4 - PID Analysis in the Continuous Tpgg@gcPErrete Time Domains

In the Continuous Time Frequency Domain

Substituting S = j.Q, intoEQ1

1 .
Ge(Q,) = Kp-[l o ]-Qa-TD) EQ13
a

Gean( Q) = 20-1od |Ge(@,)|)

0c(0a) = arel Ge(2,))

40

'60 "
0.1 1 10 100 1-10° 1-10° 1-10°
(9]
it |
PID Gain Plot - Continuous Domain
Figure 3
100
dcl Q)
deg
REDR L,
-100 - )
0.1 1 10 100 110° 1-10° 1-10°
0

PID Phase Plot - Continuous Domain
Figure 4
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PID Implementation - Discrete Time Domain

As the motor is a 3 phase sine / sine drive, it is expected to be implemented on
a microcontroller / DSP. There is an implied inverter to accommodate the drive
with a sine look-up. Therefore, a discrete solution is presented.

.y c(s
— Y(S) \ Y(2) s) u(s) ><\ —U@—z[nzm(S)xGP(S)] ”

H 1 !
L """"" Gelz) T Jf """"""" L *L """"" HzoHGP(Z) ;vz@ﬂ

Velocity Loop Servo - Discrete Model
Figure 5

Note that the Zero Order Hold models the analog waveform generation (any number of phases). Some
examples are Sine PWM, SVFPWM and Trapezoidal PWM.

Closed Loop Equation

Ger(2) = S8 = _SoeFzreonGrE) EQ14
R(Z) 1+ GCZ)F(Z)HzOHGP(Z)

Definitions In this Document ---
_ samples
£, = sample frequency /rate (samples/s) = ==
- £ _ samples
fNygst = 5 Nyquist Rate fNygst = 7500 ;
, T, = 66.6667 —— ONyqst = 2T -fyqst
fs sample
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We will return to the sample rate (15 KHz) when discussing the Filter section to follow.

I _
Hq(Z) = Ha(S) | = Ha(i.z ! J Relating the two domains via the Bilinear
g= 2 2-1 Ty Z+1 Transformation (Tusin's / Trapaazoidal
Ty Z+1 Method)
g= 2271 EQ 15
Ts Z+ 1
. . L2 o Ty
Hd-<exp(3-co)) = Ha(J~Qa) = H,| j-—-tan
T, 2
Relationships ®q = 0-rad,0.01-rad .. m-[(1 — 0.001)rad]

® . . : . '
QA(COd) - i'm‘(jdj EQ 16 Discrete Time Frequency Domain to Continuous Time Frequency

T, Domain

Q.- T . . . . .
(DD(Qa) o 2-atan( a Sj EQ 17 ggm;lﬁous Time Frequency Domain to Discrete Time Frequency

j EQ 18 Linear Discrete Frequency

—0 < Qp < 0 (idj Continuos Time Radian Frequency Range
S
M < OgST (rad) Discrete Time Frequency Range
—1 Ny s
7 <1s E (Hz) Allowable Frequency Range (No aliasing)
oplQ
QA(@d) ~ D( a) When
Ts
Q,-Ts and 24 <. e = 0.17 for 1% accuracy Cond. 1
2 2

¢ = 0.3 ~3.11 % accuracy Cond. 2
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As compared to Q,=c¢ .3
Ts

or 0gq=2-¢€

Gc(S) = Kp'(l + ﬁ + S-TDJ "EQ 1" Continuous Domain, S
11

Using the Bilinear Transform Formula -

1

s = 212z "EQ 15"
Ts 147!
to map EQ 1 to the Z domain.
—1 -1 —1
2 1-Z s \1+2Z 2Ip \1-Z
Gc 2(2) = Ge| S = —- 1]:1{;)- 1+ — ( - 1)+ D-( 1) EQ19
L1+z 2T (1-7Y) T (1427

Expanding

l.KP-[Zz-(z-TI-TS TS+ 4-TD-T1) + z-(z-TS2 - 8-TD-T1) 4 (4-TD-T1 2T+ Tsz)}
2 12 -1)
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Let

k= —T— (4Tp Ty - 2Ty T, + 1)
T |
K
k= ——{21.2-8.TpTy)
25T,
- P (2T T+ T+ 4.TpTy) =1
T2, e e T o
= =
k+ki-Z +kyZ
Ge 2(2) = =

L |
1-p-Z ~
In the discrete frequency domain:
Z(co) = exp(j-co-Ts)

kz-Z((D)2 + kl-Z(CO) + ko

G(j_z(())) = > EQ 21
Z(0) -1
GC_ZdB((D) = 20°10g(|Gc_z(60)|) ¢c_z(60) = arg(Gc_z(OJ))
100 - —r
50
Gezalo) [ TR bcze) L LU (U LY LTI (O |
— N d
\\\ _50 IR R IRl —-——r Il
\"\.-/ MR il
-50 - -100
01 1 10 100 110° 110° 110° 0.1 1 10 100 110° 110° 1.10°
o} (o]
Discrete Amplitude Response Discrete Phase Response
Figure 6 Figure 7
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Part 5 -The Filter in the Continuous Domain and Discrete Domain

Continuous Time Filter in the frequency Domain

1

F(S) = — EQ 22 _1 _
(1+54)? OnF » Cp=1
S=3Q,
Fa(Q,) = : EQ 23

[+ iew) P

FadB(Qa) = 20.10g( |Fa(Qa)|) ¢aF(Qa) = arg(Fa(Qa))

0
A 1 1 «_A LI Actual 3 dB frequency
-3.dB adB['/.Fx] N
d
- Wagp = 7063.962—
0.1 1 10 10 110 110" 110 :
Q,
Continuous Time Amplitude Response
Figure 8
0 IR

0
_lw +44 H ‘ 4 +44 | 4 4 +444
deg

Continuous Time Phase Response
Figure 9
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Qa) - _¢a!~'( Qa)

Tﬁn_delay( o,
210 ° z T
N
Tste_getay Qa1 10 \
+
00.1 1 10 (;oo 110° 110° | 110°
.

Tﬁn_delay( 1 %] = 182.22p-s

Continuous Time Filter Time Delay

Figure 10
Impulse Response
ci(t) = O)n;2~t-l-s-exp(—c)n],--t)
1-10*
peak at
c2i(t)
. e——— ai(91.1.ns) = 4037.771
0
0 110! 210 ¢ 310 *
t
Figure 11
Step Response
1 -an
S (s+0,)
cas(t) = 10.[ 1-exp(-Quet)(1+ Qn}--t)]
ty = 354.39-u-s t; = 48452-us
10

1-(1+Qupty)-exp(-Qup-ty) = 0.9

au(® 5 ’ :
1-(1+ Qupty)-exp(-Quet;) = 0.1

0 b0 90 =ty tz
0 110°* 210 310 410! 510 %
t 10-90 Rise Time tr10_00 = 305.938u-s
Figure 12
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RAMP Response

] [c=1]

I‘JI'_‘

S (s+0p)

Onr-t
2

2 2 \
C:t(t) =t- ; + fop(—(;)n}:-ty
nF nF

e 2-CF

Tetay =
(1) e
2.107% / OnF

t
/ Taetay = 18222115

Figure 13

This agrees somewhat with the phase delay calculation for T _detay.

Discrete Time Filter in Frequency Domain

®
QA((DD) = 2tan(7Dj USing EQ 14
2 QAT .
ooD(Qa) = i-ata“( 5 Sj Using EQ 15
Using EQ 16

(DQT(Qa) = QT

e£=06 PerCond.2

Let OOT start = 0.470931 Whichis<2 x e £=03 2-€
(O]
L 7064E so Qa Ts ~ od 1] = 7064E
s T s

s
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Therefore the Continous Domain startpoint is .
ra

Q, stat = 7063.95-— -3.dB gain response freq.
- S
Designate the Continous Domain endpoint, as Q, .4
OOT start .
Q, end = T—-Fx -6-dB gain response freq.
S
Q, og = 10975824
- S
Q, ena-Ts = 0.73172 Whichis>2xe
So prewarping is needed!
Define ki =14,141.19
@4 end| k) =0 Ot _start-k1 Discrete Filter Frequency cutoff

The Prewarp Analog Frequency cutoff to obtain

Qy pw = k2 Q5 stan the above Discrete Filter frequency cutoff!

T
Discrete cutoff freq gy, = 2-atan(k2.Qa start ._Sj
- 2

If ®dec = Od end
®3 end k] T
Then L() — atan(kz'Qa start _sj EQ 24
2 - 2
H (&) kl
Solving for k2 kz(kl) o 2 -tan( d_end( )j EQ 25
T 'Qa_start 2

Q, pw(kiko) = ko(ki)-Q, sur  EQ26  Q, py(ki ko) isthe prewraped frequency
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<

1.5-10

1
i
!
; -
Continous Domain 1.4-10° i //
i -
ka(ky)- O geard-310° : ]
Q, pwlki, k) B - ; P
11210, i e
[rad/s] 121 ; —
d
- “
1.1-10° /// ;
4 5
1-10* ; ‘
9500 1-10° 1.05-10*:1.1-10* 1.15-10% 12-10* 125.10* 13-10* 13510

: " COT_stant
10737.204 rad /s' T,

Discrete Domain

Figure 14
Choose k1 and test against the criterion below,
until the desired accuracy ( [k1-Fx]/Fx*100)
<0.2% ) is obtained (~ 3-7 tries typically)
Criterion ky = Fy —6dB-discrete-frequency (unknown value)
¥ —3.dB.discrete frequency (known value)
P ' . (known value)
F, = 6dB connfmous frequency F, = 1553774
—3-dB-continuous-frequency (known value)

-3 dB frequency of continuous(Q,) and discrete (wp / Ts) are assumed to be identical = 7063.95 rad / s.
This is because Cond. 2 above is met. From Cond. 2 above we can derive —

Q, Q,
If — <03 then f>2 —
21, 0.6
a 7064.24
With Q, = 7064.— f, > TS = 11773333 .Hz
S £

This is why 15 KHz was selected for fs. This makes £ ~ 0.2355.
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Trial 1

ki =150
ky = 1.56565
Actual
10595.925. 24 10595.724 Fy= 151892
; =15 —Sd = 1519
7063.95. 6975.35.—— ky = Fy
S S &
Trial 2
ki=154
ky = 1.61125 Actual
d d -
10878.483 . — 10878 —— Fy = 151696
; = 154 Sd = 1517
ra ra
7063.95.— 7170.9-2<
s s k; # Fy
Tral 3 ky = 152
ky = 1.58841
Actual
10737.2.74 10736.724
— =152 ——— = 151788 Fy= 151788 within 0.14 %
7064-— 7073.2=
: g ky = Fy
rad :
O4 ena(1.52)-f; = 10737.2 — Discrete frequency cutoff
- S
Q, pwl1.52, k) = 11220 g Continuous prewrap frequency
S

Analysis Details:

Therefore, design an Analog Filter with a prewarped cutoff of 11220.5 rad / s, to obtain a Digital
Filter, which after the Bilateral Transform is applied, has a cutoff of 10737.2 rad/s.
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Steps to Design a Digital Filter with a cutoff freq of 11220.5rad / s, fs =15 KHz

0, = 112205. rad Continuous Domain Filter prototype -- 2nd order £ = 1
S 5 )
T Fo(S) = = - - Apply the Bilinear Transform -
BRers =S $T+2.0.5+0Q.
Discrete Domain Filter
2 3 )
[?] -0.374017°
Far(D) = - : EQ27
aY[3-2Y 2 -z 2)2 )
[—J . - 2-[—] -0.374017- - (i] -0.374017°
Ts) \1+27! Ts i@ Ts
2
Folo) = Z(col +2Z(0) + 1 EQ 28
13.496-Z(w)” - 12.297-2(®) + 2.801
FddB(O)) = 20~10g( |Fd(co)|) ¢dF(‘D) = arg(Fd(w))
0
5
-100 I '\
Feglo) dbrl@) 0 =]
-200 \\
_5 - i
-300 0.1 1 10 100 1100 110 10°
01 1 10 100 110° 1-10* 1-10° o
Q
Discrete Time Filter Amplitude Response Discrete Time Filter Phase Response
Figure 15 Figure 16
d d
de(7o73-1j = 38 ¢a[7o73-1J = —65.43 deg
s Very Good Match s

Fddg(lom.o.ﬂj = —6.02dB
S

d
¢&[1o736-1] = —89.99deg
S
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0
"b%
Falo)-100
Fouglo)
-200
0.1 1 10 100 110° 1-10* 110°
(o]
Continuous and Discrete Filter Comparison
Figure 17
k1 ~Fy
So we are finished!
—¢dl:(0))
tdmt_d,hy(co) P
(O}
210 m =
] Tasit_detay| 1— | = 17815
110 N & s
T lo) .
— 0 Equivalent to analog filter!
y
-110*
o1 1 10 100 110° 110° 110°
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Discrete Domain Time Response
Test Signals

E=0.1.50

STEP(k) = 10-® (k) Step Amplitude
RAMP(k) = k-Ts-®(k)-s ' Ramp Slope

¥0_init = 0 "Test Signals™

vo(k) = f5-1-5-8(k,2) Note the "Amplitude” is 1/Ts.

y1(k) = (¥o_init + STEP(k - 2))-®(k - 2)

y2(k) = (¥o_init + RAMP(k - 2))-®(k - 2)

-1 -2
Folo) = 1+22(w) _+1 Z(w) _ £Q 29
13.496 — 12.297-Z(®) ™" + 2.801-Z( )

1

U2 {13.496 - 1229727+ 2.801.7) = @)1+ 227 4 279 EQ30

7 = yo(k) Uy = Z Yk = Z Initalize Vectors

1 1

U(D(l -0911159-Z "+ 0.207543-Z 1) = Y(D-(0.074096+ 0.148192-Z ~ + 0.074096-Z 2) EQ 31
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Impulse Response Difference Equation  (Includes a shift of k by +2 for MCAD)

s = 0.074096-yo(k + 2) + 0.148192-yo(k + 1) + 0.074096-yo(k) + 0.911159-uy ;1 — 0.207543 -uy,

Note there is a delay of 2
samples

first peak at w3 = 3235579 3.Tg = 200u-s
3.-Ts—2-Tg = 66.667u-s

true peak at

u = 3828.895 4.T; = 266.667 s

Figure 18

4.Ts—2-Ts = 133.333u-s

Step Response

ug+) = 0.074096-y;(k + 2) + 0.148192.y1(k + 1) + 0.074096-y;(k) + 0.911159-ug. 1 — 0.207543 -0,

10

/ wm = 0.741 u; = 9.197

(6.9 - 2.3).Ts = 306.667 s

’ F

Fiure 19
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RAMP Response

Uy = 0.074096-y5(k + 2) + 0.148192-y5(k + 1) + 0.074096-y5(k) + 0.911159-uy. ; — 0.207543 -uy

4 6 8 10 12 14 16 18 20
k

Figure 20
(10-727)-Ts = 182u-s tDfilt_delay = 182-1t-s

Part 6 — Inclusion of Time Delays; Filter and Zero Order Hold (ZOH).

What about6? Time Delay is the sum of the Zero Order Hold Delay + the Filter Delay

In either the continuous or discrete models.

Zero Order Hold

1- exp(—j-(o-Ts)

HZOH(O)) = - EQ 32
J-o-Ts
sing(0) = 1 sing(x) = sirz
T -X
Alternate Form Ty o T
HZOH(O)) = exp —j-?-(o -sin 5 EQ 33
Hzonap(o) = 20-10g( |HZOH(03)|) dzonlo) = arg(HZOH(OJ))
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-13.74-dB
----- -100
-150 -
10 100 1-10° 1-10° 110 1-10°
(6]
Zero Order Hold Amplitude Response
Figure 21
0
$zoul @ )-100
deg
=200
100 110° 110 110° 1-10°
(6]
Zero Order Hold Phase Response
Figure 22

—¢ZOH(03) T

T = = —

ZOH_delay o 2

TS Ts 27 221 -6
o= — + Tdelav = 33.335L-s Tdelay = 182.22x 10 s

Note that the continuous domain value is used. As has been shown, there is no
significant difference between the two domains frequency and time response. Therefore,
continuous domain analysis is used going forward. Note that the discrete difference
equations are what is used by an MCU / DSP.
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Design Details

: : 8 mann o Tad
Nyquist Bandwidh . - 4‘"12"89T Desired Closed Loop Bandwidth 1
TC

Kp = 0.008599 k = 4376575
Tr=1719milli.s Tp= 1415636u-s Te = 141.564 s
Kp:| 1+ ! + S-Tp [-F(S)-Gp(S)
p- —— + S-Tp |-F(S)-
Gc(8)-F(S)-Gp(S) STy
Ger(S) = =

I+ Ge®)EE)G®) Kp-(l + SL + S-TD]'F(S)'GP(S)

'TI

EQ 34

As noted above, we will ignore the F(S) and zero hold contributions to amplitude but include their

phase contribution which is time delay:

Therefore, the Dominant Pole Response is given by:

Expanding

Velocity Closed Loop Gerspd(S) = Ge() Ge(5) EQ 35
1+ Gc(8)-Gp(S)

STy S2t° 1§20+ 1
GeLspd(S) = "
P
1 +{

—-(SQ-TD-T1+ STy + 1)}

K . —_0.
{_P( S - 1)} k-exp(—0-S)

k-exp(—O-S)

STy s2t% 1820t 4 1

Kp-k
%.(SZ.TI.TDjL S-Ty + 1)-exp(—9-S)

TI"E

2. 1 Kpk
345225

T T Tt
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Kpk
%-(SZ-TI-TD + 8T+ 1) exp(-6-8)

TI-‘C
EQ 36
Kpk . Kpk Kpk | Kpk
s3-[1 - TD-e-sz n sz{ﬁ +(Tp-0) Lz} n s{iz ; (1 - ﬂj-%} ; Lz
T T T T i) ¢ Tyt
Kp-k i Kp-k
1-TpO—— = 099528 == 4+ (Tp—6)—— = 72495805
T o S
; y ¥
Kok Kp-k
LI (1 . 3]. PE | = 424514100 L P 899889 x 105~
2 T 2 2 2 3
T 1) 1 s Tt s

Dy(S) = $°-0.99528 + $%.724.95805 + $-4.24514-10° + 8.99889.10°

. 1 j-0-Tp
Gpoelo) = Kp| 1+ +
oI 1+j0-7
—353.19821236703065457 — 535.01191924650586355 1
Dy(S) solve,S — | —353.19821236703065457 + 535.01191924650586355 -1
—-21.999654761156117107

Kp-k-Tp Kpk Kp-k
Ni(S) = 52.( J+ s.( - ]+

;. 2
T T Tt

Kpk Kpk Kpk
= Tp = 21896 P 1s4671x10° S —T= = 5.99889 % 10°~
2 s

y4 J
T T s Tt s

Ni(S) = §%-21.896 + S-1.54671-10" + 8.99889-10°

—353.19464742418706613 — 535.01105189435039631-1
—353.19464742418706613 + 535.01105189435039631-i

Ni(S) solve,S — (

Page 27 of 44



LT

g(t) > G(S)
LT
Closed Loop g(t-0) <————>  G(S)-exp(-65)
Step Response
G(S) = l $1°52°S3 .(S + 54)-(8 + 55)
S (S + sl)-(S + sz).(S + S3) S4°S5

Poles and Zeroes are as follows:

rad -
.= ;’\ <ﬂ< ") —— = _= d
s; = (353.198 + 535.012j) . $) = 81 _— 21.999655}:
. . rad =
sq = (353.1951 + 535.011))-— S5 = sS4

Partial Fraction Expansion

N(ES) Ag Ay Ay Az

DS) S (S+s) (S+s) (S+s)

SNES) |
T D(S)

|
=)

$1-52-53 (0+ sg)-(0+ss)

syss (0+51)(0+s3)(0+53) 1 Ayg=1
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-

(s - sl)-N(S) |

g®=[[1-exp

A
1 D(S) | S= -5
$1-52-53 (—sl + 54)-(-51 £ 55)
A= .
sess (=s1)(=s1+52)(=s1+ 53)
Aj=0+0i
(S+s)N(S) |
515283 (—52 + 54)-(—52 + 55)
2= ;
S4-S5 (—52)-(—52 + 51)‘(-52 + 53)
Ay=0-0i
S+s3)-N(iS) |
gy SN
D(S) =3
B (—53 + 54) ( —s3 + 55)
Az = - Az = -1
sess —s3(—s3+ s1)-(-s3+ )
i = Re( Ay) A=0
5 = Im(A) §=0

t = 0-s,0.00001-s..1s

exp(-0yt) (-2 -cos(@yt) + -2-5sin(0t)) | + Azexp(-o3t) | D(®
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0 0.05 0.1 0.15 0.2 0.25 03 0.35 04 0.45

Velocity Closed Loop Step Response
Figure 23
Effective Bandwidth =22 rad /s

Frequency Domain
Page 25 of 29
Process Portion

Gp(Qa) = K "From EQ9 - less 0"

2 (5Q,) + 26 0(jQ,) + 1
Gruf2) = 20 2, o) =il

50

e 11 i S

-100 - )
0.1 1 10 100 110° 1-10° 1-10°
Q,
Amplitude Plot of GPdB(w)
Figure 24
3 dB bandwidth Peak
. rad f rad
GdeL .//6.011-—) - GdeLO.lA—} = -3dB Gpasl Q,) = 13.551dB
S S
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Q
deg

0.1 1 10 100 1-10° 1-10

¥ 1-10°
Q,
Phase Plot of Gp(w)
Figure 25
dp(Qn) = —90deg
Compensation plus Filter:
Adding the effect of the filter on the compensation yields —
Gcomde(,Qa) = GCdB( Qa) + FadB(Qa) ¢comp( Qa) = ¢’C( Qa) + ¢a}'( Qa)
50 50 T T T T T
T boom(©22) o | LIII | {116 {1110 | 1100111100111
Gcomde‘Q:) 0 | \\ LLLUE | L L LU | L deg

\\.;/\\ L

-50 - ) -100 - .
01 1 10 100 1-10° 1-10* 1-10° 01 1 10 100 1-10° 1-10* 110°
o 0,
Amplitude Plot of Gcas(w) +Fys(w) Phase Plot of G¢(w) +F(w)
Figure 26 Figure 27

“Exact” Open Loop Gain is obtained from EQ 39 below:

Gor(Qa) = G Qu) Fa(24) Hzon(2) Go(Q,)  EQ39

GOLdB(w) = 20-log( |G0L(w)|) Amplitude
dorlo) = arg(Gor(0)) Phase
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100
M-‘\—_—‘—-”“‘M—_
Goras( Q) 0 Il T
OL4B\* “a -
0-dB >
=200
=300 - = ’
0.01 0.1 1 10 100 1-10° 1-10* 1-10° 14106
Q,
Amplitude Plot of GoLqs(W)
Figure 28
Gain Margin —55.6 dB @ -180 deg Phase Shift is at 829 rad/s
(~131.9 Hz)
200
for( Q%)
deg
T T
=200
0.01 0.1 1 10 100 1-10°
Q,
Phase Plot of Go.(w)
Figure 29
®. = crossover_frequency(0-dB)
rad .
0, = 22— approximately
s
Phase Margin ~ 89.7 deg
Gl oo ( 0 ) _ GOL(Qa) EQ 40
. spd_exact al ‘*—
1+ Gor(Q,)
GCL_spd_exactdB(Qa) = 20’10g( |GCL_spd_exact(Qa)| ) Amplitude
(I)CL_exact(Qa) = arg( GCL_Spd_exaCt(Qa)) Phase
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0 F=FF T =R FFR e — e

GCL_spd_exxtdB‘ Q, )
-50 4444y 4444y 444444 +—4—4+4444 444l N U8
-3-dB

A \

001 01 1 10 100 110° 110* 1100 1.10°
Q,
Closed Loop Velocity Amplitude Plot
Figure 30
200
’CL_exxr‘.Qz’
deg 0 —*-.,,_\ !
-90 THH ‘
..................................... M\u;;-
-200 -
0.01 0.1 1 10 100 110° 110 110° 110
Q,
Closed Loop Velocity Phase Plot
Figure 31
Closed Loop Summary
d d
Ger_spd em@(zl.ms.i] = 3dB Q¢ = 21.948.
- - S S

Ocr_exactl Q3aps) = —45.204 deg

Target 3dB frequency is 22 rad / s, overshoot was to be 0 % (per EQ 10 -1/ t.).

e Thereisonlya 0.24 % error in 3dB frequency.

e Ontarget for overshoot (0 %) — Refer to Figure 23.
e No setpoint filter is required.

e However, a 15 KHz sampling frequency was used.
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Part 9 — Changing The Closed Loop Bandwidth

What about changing the servo loop’s bandwidth?
Note that the proportional term of EQ 12 is the only one which is a function of the closed loop bandwidth
and is proportionalto 1/ ..

2Lt

Kp = m EQ 12a

Therefore, as the integral and derivative times are a function of only the process (motor) alone -

(from EQ 12b and EQ 12c¢)
T=2¢t EQ12b Tp = i EQ12c

And the filter is a function of

Tr= o-Tp ; o is selected to be a constant 0.1

The open loop gain is adjusted up or down depending on whether the bandwidth is to be increased
or decreased.

An example will help clarify this effect.

Example 1.
Change the desired closed loop bandwidth to (~ 7 Hz). Thatis
rad
e pow = 44—
- s
_ 1
Te new = O

= 22 127 milk
Te_new = 22.727 milli-s

KP_new =

Kp new = 0.017117
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Let

K
AGOL - P_new EQ 41
P
AGop g = 20-log |AGoy ) EQ 42
AGgp s >1 when Kp new > K Increasing bandwidth
and <1when Kp pey < Kp Decreasing bandwidth
and =1when Kp pe = Kp No change to bandwidth

For this example, Kp new> Kp

AGgp = 1.991

AGOLdB = 598.dB

Therefore, we should expect the Gain Margin to be reduced from 55.6 dB to 49.6 dB (55.6- 6 dB)
GOLdB(Qcoinew) = OdB When Qcoinew= 1.991 X 22 rad/S = 43.8 rad / S.

The crossover frequency is found to be 43.585 rad / s.

100 —
0 I S SRR
L
Sonmlis) T
—  -100 | | \
0-B ~
-200
-300 . :
001 0.1 1 10 00 1100 110° 1100 110°

Open Loop Gainwith Qc_new=44rad/s
Figure 32
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dor( Q)
deg 0 \
-180 ‘
A1 1 1 . | A
-200 —
0.01 0.1 1 10 100 1100 110° 1100 1-10°
Q,

Open Loop Phase with Qc_new=44rad/s
Figure 33

“’dJ = —0dB ¢0L(43.6-E] = —90.538 deg
S /

GoLdB(43.5849-—
S

S

d d
Gom(o.szmo‘-i) - —49.6dB ¢OL(0.829-104-1J = —179.96009 deg
s h

GM = 49.6dB PM = 89.46-deg

0= T
]
S|

GCL_wd_uxtdB‘. Q, ' -50

-100

1 10 100 1-10
ad d

Ger_spa exactdB(43-896'r_j =-3dB Qiqpr = 43.896.
_spd_ . .

Closed Loop Gain with Qc_new =44rad /s

Figure 34

The actual closed loop 3 dB bandwidth is 43.896 rad / s (7.145 Hz) . Which is in error by less than
0.25 % (-0.236%). Rise Time (10-90 %) =2.1972/43.896 rad / s ~ 50 msec.
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Rise time of cascaded blocks [from Wikipedia reference [14] Rise time - Wikipedia]

2 2 2
tro10 90 = \[ ts + b + 1t

With

2.1972

53

= 0-s tq = th = 2.1972-6

t; = 0.04994 s to = 0.00474s

tr10_90 == 4/t +t2" tr10 90 = 50.16 x 10 s
Pretty close match. Within 0.32 %.
What if the motor had real poles? Then

EQ9isreplaced by EQ 36

k-exp(—@-S)
Sty + 1)(S1, + 1)

Gp(S) = : EQ 43 £> 1

After following the Direct Synthesis approach of Part 3 one gets —

(’Ea+ ’Cb) T TaTh

KP = m EQ 44a TI =T+ Ty EQ 44b TD = (

Where ta and tb are the motors real poles.
Refer to reference [7] equations (25), (26), (27) and (28).

Otherwise, the design steps are identical.
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Part 10 - Integral Anti-windup

Itis important to provide a method to prevent Integral Windup. It was not discussed in the document
[8] York, Frederick, Pl Controller Design using a Limited Span Method, butis important in that

instance as well.

The Block Diagram of Figure 35 depicts the section of the PID with a limiter (“Virtual Actuator”) and Figure
36 present one method of integral anti-windup implementation.

Ts

“* “___=> Virtual Actuator

Y_sat(Z)
——— To the Filter Section

C(s) T 7 ee—---- ' s J—

Discrete PID Section

Figure 35

Proportional & PC(k)+DC(k)

| _— e Max
6e(s) Y(S) /\,‘: Y(2) 4:
- I L in

Derivative Path

. + Max
i . — —
T; 2

Mi

n

IC(k-1)

k)

+

“* “___=> V\irtual Actuator

Y(k) MR% | 3t
. M/; _sat(k)
in

Y_sat(k) = sat{ Y(k) , Max, Min}

Ic(k) = sat{ [(KP Ts /(2 T) (E(k) + E(k-1)) + Ic(k-1) ], Max, Min }

Integral Path, One Method of Anti-windup Implementation

Figure 36

Definition of sat function:

Where LL (Lower Limit) = Min level; and UL (Upper Limit) = Max level.

y=x whenlLL<x <UL

y = sat(x,LL,UL) { y=LL when x < LL
y=UL when x> UL
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First let us define the upper and lower limits. Assume that a direction signal dir is used to differentiate
clockwise (CW) from counterclockwise (CCW) motor rotation. As a sinusoidal drive is intended to be
used, atwo’s complement value is to be generated using the dir signal. If the magnitude is given by a 9-bit
ADC value. then10 bits must be used as a minimum. A16/32-bit value (signhed short or signed long
integer) would be expected in actual ues.

Per the motor specifications — CW from lead side, (dir = 0 phase sequence is A-B-C) is positive and the
CCW (dir =1, phase sequence is A-C-B) is negative (dir = 1).

Now we determine the maximum Vin value (or VMOT) for our limit as follows:

Design operation for the motor example -
Tnom = 0.18-N-m Tmax = 0.216-N-m Working Torque - By Design

= 26.18-E Working upper motor angular velocity

S

@ out_nom

Subscript definition (abbreviated by sub in the equations): nom = nominal operating value and max = max

operating value and limit is the absolute operating boundary. Also hot = after steady state temperature
rise is achieved and p = peak and rms = root mean square.

Motor parameters derived from datasheet (sine / sine):

I -
Ijp_nom = —=—— ygp_nom = 0.91967 A
V3 Kgp
Tnom
Iwrms_nom Iﬁ«ms_nom = 0.65033 Apps
\/g'l\Enns
a

Iyp_max = 1.10361 A

I .. Ijem 0.7804 A
ms_max = —— s_max = U./
\/g'l\ﬁrms
degC
degC = K O =52 5 Roppnom = R

Resistance at the steady state temperature due to the operating current.

Rog sub hot = Repg+ ARyg sub hot EQ45
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Resistance change relationship:

Copper resistance percentage rise due to temperature = Hot Resistor power loss times the thermal
impedance.

ARppsub hot  100% ) ARy sub_hot
— X -degC = I¢¢ms_sub ‘Rchnom‘eT' l+ ——
Ry 0.393% Ry
Let
100%
0= 3030, 4EC I == R nom O
AR¢QSUb_h0t _ 2 2 AR(I)qub_hot
——— 1o = Lygms sub ‘L + lpgms sub l1———
R([)Qnom R(I)q)_nom

(I¢¢ms subz'll)
Ry sub hot = Rpgpnomq| 1+ — EQ 46
(10_I¢¢fms_sub '11)

Using EQ 46 results in -

Ry4_sub_hot = 5.885Q

RM_max_hot = 6.02Q

The motor voltage input voltage can be found by using EQ 47.

Tnom
VMOTms nom = ®out nom ‘| KErms + = "Re¢ sub hot |+ ‘Ropg sub_hot EQ 47
B Trms KTrms
From EQ 47 one finds
V.\IOTrms_nom = 8.059Vims IMwns_nom = 0.65 Amms

VMOTms_nom-Ljjems_nom = 5.241W Nominal
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V.\IOTtms_max = 8.93Vpms I“ﬂ’ns_max = 0.78 Ams

VMOTms_max-Ijjrms_nom = 5.808 W Max

For a locked rotor condition (wout = 0 rad/s)
Let

Tlimit
VMOTrms_limit = VMOTrrns_max = 'R¢¢_1imit_hot
KTrms

Try

Ljpems_timit = 1.291-Agps
Then

Ry timit_hot = 6.92Q2
Ttimit = Iﬁlms_limit‘\[g( KEms )

Tgmit = 0.357N-m
VMOTms_timit = 8.933 Vims Ljems_timit = 1.291A

V.\IOTnns_limit'Itmns_linﬁt = 11.53W Limit

Motor operating temperature at the limit can be found as follows:

TH max = 11.532-W-81 = 60-degC

TA_max = 55-degC Assume an upper ambient temperature

TH_max ‘= 60-degC

ot = T.-\_max + TH_max

Tatot = 115degC is OK

As the maximum allowable winding temperature is 155 degC, there is no issue with this motor voltage

with a locked rotor.
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8.933-Vyms+/2 = 12.633V Peak Voltage

Assume that we can control each phase-to-phase amplitude to 9 bits of resolution. If the maximum

amplitude is Vpmax =17.25 Vp, then

vpma\: = 1725-V ADC = 9bit

12.633.V ADC

- = 375 rounded-up
V pmax

Showing only the significant 10 bits --

UL for CW rotation 0101110111b

LL for CCW rotation 1010001001b

Motor specs give
17.4V, < Vmor

(WS
-
wn

|
w
~1
n

If we have equal positive and negative limits, then UL=- LL. So, UL=375 and LL =-375. If the limits are
identical regardless of dir, then we can use the magnitude and ignore the sign. If there are different

positive and negative limits, then using the separate UL and LL values is the only option.

If a commercially available integrated circuit such as Texas Instruments DRV10983 or equivalent is used,
then the component will include additional safety limits as well. These include undervoltage lockout
(UVLO), stall detection (phase current limiting) and over-temperature shutdown among others. Note that

an adjustment of 8 is required (additional 160 us to be added) since the analog speed sample period,

tsaMm, is 320 ps.

This still leaves one the responsibility of handling the integral windup.
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Part 11

- Summary

Summary of Steps taken for this design:

o bd =

10.

11.

Generate Specifications and Select a Motor.

Use the Motor Transfer Function of EQ 7.

Solve EQ 7 for the Natural Frequency and Damping Factor, Qn and .

Determine the PID Parameters KP, Tland TD using EQ 12a, EQ 12b and 12c if (<=1 or EQ 37a, EQ
37band EQ 37cif lis> 1.

Find the value Tf= a *TD by selecting a value for a (usually setto 0.1). This determines where the
3dB frequency of the Filter is to be.

Find Y =Tf/ Fx (Fx = 1.553774) which establishes the Qn for this filter (1 /Y), the 6 dB frequency
as{F=1.

Select a sample rate which is

£ > Qaistart 1
06  0.6T¢

As an MCU or DSP will most likely be used for the PID and Filter, first, establish the Discrete PID
design factors. Refer to EQ 21.

Next, establish the Discrete Filter parameters using EQ 25 and EQ 26.

This is an iterative approach which leads to the necessary Continuous Domain Prototype
prewrapped cutoff frequency (- 6 dB) which will yield the appropriate Discrete Filter cutoff (-6

dB) after the Bilateral Transform is applied.

Find the exact Open Loop (EQ 39) and Closed Loop Gain (EQ 340). Check design against the
original specifications.

Add Integrator Anti Windup to the design.

Page 43 of 44



Part 12- List of References

[1] Wilson Dave, (2015), Teaching Your Pl Controller to Behave Parts 1 through 10. Texas
Instruments.
Teaching Your Pl Controller to Behave (Part 1) - Industrial - Technical articles - TI E2E support forums

[2] Karl Johan Astrom and Richard M. Murray (2002), Control System Design, Chapter 6.
https://www.cds.caltech.edu/~murray/courses/cds101/fa02/caltech/astrom-ch6.pdf

[3] John Jechuru, (2017), Direct Synthesis Controller Tuning, Colorado School of Mines CHEN 403
Conference 2000 - Engineering, DOI 10.1109/ACC.2000.877043
https://people.mines.edu/jjechura/wp-
content/uploads/sites/120/2019/02/CHEN403_14_DirectSynthesis.pdf

[4] York, Frederick, (2021), Introduction to Brushless Motor Parameters and Figures of Merit.

[5] Viorel Nicolau (2013), On PID Controller Design by Combining Pole Placement Technique with
Symmetrical Optimum Criterion, Mathematical Problems in Engineering.
https://doi.org/10.1155/2013/316827

[6] L. Desborough and R. Miller, (2002), PID Control, CH 10.
https://www.cds.caltech.edu/~murray/books/AM08/pdf/am08-pid_22Feb09.pdf

[7] Krzysztof S. Kula, (2024), Tuning a PI/PID Controller with Direct Synthesis to Obtain a Non-
Oscillatory Response of Time-Delayed Systems, Appl. Sci. 2024, 14(13), ppl. Sci. 2024, 14(13),
5468; https://doi.org/10.3390/app14135468

[8] Munna Kumar and Ram Sharan Singh, (2019), PID Controller Design for SOPDT using Direct
Synthesis Method, https://www.mecs-press.org/ijisa/ijisa-v11-n9/1JISA-V11-N9-6.pdf

[9] vandelogt.nl; PID Controller Calculus for HERMS home-brewing system;
pid_controller_calculus_v320

[10] York, Frederick, (2025) Pl Controller Design using a Limited Span Method.

[11] Andreas Antoniou, (Copyright ©2007), Tutorial ISCAS2007 — PART 3 - IIR Filters - Bilinear
Transformation Method. https://www.ece.uvic.ca/~andreas/ISCASTutorial/Part%203-
1IR%20Filters-Bilinear%20Transformation%20Method.pdf

[12] Rakesh Parekh, Application Note AN955, Microchip Technology, Inc., VF Control of 3-Phase
Induction Motor Using Space Vector Modulation.

https://ww1.microchip.com/downloads/en/appnotes/00955a.pdf

[13] Rise time of a critically damped 2nd order system - Electrical Engineering Stack Exchange

[14] “Rise Time of Cascaded Blocks” — Rise time - Wikipedia

[15] Texas Instruments Datasheet SLVSCP6H- July 2014 — Revised June 2020 — DRV10983 12- 24-V.
Three-Phase. Sensoreless BLDC Motor Driver. DRV10983 12- to 24-V, Three-Phase, Sensorless

BLDC Motor Driver datasheet (Rev. H)

Page 44 of 44



