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A Comparison of Smoothing Estimation filters 
for Servo Motor Applications 

 
 

This document is intended to compare a set of widely used filters to determine the quality of each regarding 
noise reduction and application limitations. 
 

The class of filters to be examined are typically used in servo applications for filtering position, velocity, and 
acceleration data.  This is of course not the only application as data tracking applications are employed in 
various enterprises as well. 

 

The filters used in this analysis are: 

1. αβϒ  
 

2. Savitzky-Golay (SG) [window size of 5 and polynomial degree of 2 or 3] 
 

3. Numerical Methods 
 

a. Moving Average (MA) 
 

b. Numerical Differentiation Approximation 
 

c. Richardson’s Extrapolation   
 

Note that item 3 covers the same calculations made in items 1 and 2.   
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Symbols: 
 
 

Symbol   Description    Units 
 
IIR    Infinite Impulse Response Filter  
FIR    Finite Impulse Response Filter  
μ    Mean      
σ    Standard Deviation    
τ    Time Delay    seconds (s) 
t    Time     seconds (s) 
Ts    Sampling Time    seconds (s) 
xi    Input Variable Function (i) 
y    Output Position Variable   (rad or meters) 
v    Output Velocity Variable  (rad /s or meters / s) 
a    Output Acceleration Variable  (rad /s /s or meters / s /s) 
ω    Angular velocity   (rad/s) 
фj(ω)    Phase Angle [function j]  (rad or degrees) 
GjdB (ω)   Magnitude [function j]  Decibels (dB) 
ω3dB    Loop Bandwidth   (rad/s) 

 

 

There are eight (8) parts to this document: 

 

Part 1 – Filter Discrete Equations  
  
Part 2 – Filter Gain and Phase Plots 
 
Part 3 – Base Test Functions and Delay Offset. 
 
Part 4 – Aperiodic Noise Calculations.  
 
Part 5 – Periodic Noise Calculations – αβϒ with Sine Input 
 
Part 6 – Bandwidth and Noise Dependance on αβϒ Parameters 
 
Part 7 – Observations and Conclusions  
 
Part 8 -- References 
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Part 1 – Filter Equations 
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Part 2 - Filter Gain and Phase Plots 
 

 
 and Ts = 0.0016 s  

 
 

 
   GAIN Plot              PHASE Plot 
   Figure 1 a              Figure 1 b  

 

 
   GAIN Plot              PHASE Plot 
   Figure 2 a              Figure 2 b  
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GAIN Plot              PHASE Plot 

   Figure 3 a              Figure 3 b  
 

 
        
Only plots with Ts = 0.0016 s are shown, but the 3 dB relationships are valid for any Ts, with the 
same αβϒ parameters used herein 
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GAIN Plot              PHASE Plot 

   Figure 4 a              Figure 4 b  
 

 
GAIN Plot              PHASE Plot 

   Figure 5 a              Figure 5 b  
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GAIN Plot              PHASE Plot 

   Figure 6 a              Figure 6 b 
 

 
 
Note that the acceleration bandwidth is larger than the velocity bandwidth! 
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GAIN Plot              PHASE Plot 

   Figure 7 a              Figure 7 b 
 
 

 
 

 
GAIN Plot              PHASE Plot 

   Figure 8 a              Figure 8 b 
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GAIN Plot              PHASE Plot 
   Figure 9 a              Figure 9 b 
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GAIN Plot              PHASE Plot 

   Figure 10 a              Figure 10 b 
 

 
GAIN Plot              PHASE Plot 

   Figure 11 a              Figure 11 b 
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Part 3 – Base Test Functions and Delay Offset 

 
Amplitude Values Used 

 

 

 
 

Units are typically radians (rad) or meters (m) 
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15 | P a g e  

 

 

Function delays for position, velocity and acceleration filter sections are defined as: 

ky_z_delay   kv_z_delay   kv_z_delay  
 

 

Now to a discussion of time offset delays. 

Whether a non-perodic (or aperiodic) input or a periodic input is used there will be different delays between 
the input and ouput of the filters.   

All of the FIR type filters will have a fixed offset relative to the input function, because for a zero or linear 
linear phase the delay is independent of frequency.  Therefore all filter sections except the αβϒ (an IIR filter) 
will only require a fixed delay of 3.  Note that all inputs are delayed by the same ampunt to match the filter 
section output. 

 

 

The αβϒ sections are a little more complicated. 
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First the phase delay of each αβϒ filter section can be found from: 

 

The delay time in units of k is determined by a constant term (discrete offset) plus the phase offset 
contribution as follows:  

 

With α = 0.3 

 

 
            αβϒ Time Position Delay Compensation 

Figure 12 
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             αβϒ Time Velocity Delay Compensation 

          Figure 13 

 

 

                   αβϒ Time Velocity Delay Compensation 
                 Figure 14 

 

Note that the above delay curves are a function of α (bandwidth). Shown is α = 0.3.  
The equations E 23 through E 28 are valid for 0.3 ≤ α ≤ 0.75. 
 
 
At any frequency there has to be an adjustment for the amplitue at that frequency.  What follows is the way 
to accomplish this: 
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Define: 

 

 

These terms provide the final signal amplitude as a result of multiplying  these terms with the ideal output 
magnitude.  

 

An example is presented in the Periodic Signal Noise Analysis Section. 

 

 

 

 

 

 

 

 

 

 

 

 



19 | P a g e  

 

 

Part 4 - Aperiodic Noise Calculations. 
 

Arbitrary Additive Noise level used throughout 
 

                
 

Nomenclature 
 

Filter Type = y (Position ) , v (Velocity) , a (Acceleration)

Filter Deisignation =    , SG , num for numeric, Rch for Richardson  

Input = S (STEP) , R (RAMP) , P (Parabola) , C (Cubic) , SIN (Sine)      
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Aperiodic Input Signal with Noise 

Position -- Step Input

yk 3  x0 k 3( ) 2  

4




 x0 k 2( )  

4




 x0 k 1( )  

4

 3


 yk 2 2  

4

 3


 yk 1  1  yk
 

 

     αβϒ Position Noise Output 
     Figure 15 

 

Noise Reduction 
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Position -- CUBIC Input

yk 3  x3 k 3( ) 2  

4




 x3 k 2( )  

4




 x3 k 1( )  

4

 3


 yk 2 2  

4

 3


 yk 1  1  yk
 

Let ky_αβϒ_delay   =   ky_αβϒ_delay(ω ~ 0)   =   3 

 

The result is identical to the step with additive noise.  This is true for all filters as the signal type does not 
affect noise reduction! 

Let kv_αβϒ_delay   =   kv_αβϒ_delay(ω ~ 0)   =   4 
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As before the noise reduction remains the same, as it does for any other input signal type. 

Note that A is multiplied by s times Ts, this makes the result unitless (as is vk).  It was my choice to do this.  
In reality the dimension is units / s. 
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     αβϒ Velocity Noise Output with offset due to Delay 

     Figure 16 

 

Let ka_αβϒ_delay   =   ka_αβϒ_delay(ω ~ 0)   =   53 
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     αβϒ Acceleration Noise Output with offset due to Delay 
     Figure 17 

Let ky_SG_delay   =     3 

Position SG Step Input

ySG
k 2

1

35
3 x0 k( ) 12 x0 k 1( ) 17 x0 k 2( ) 12 x0 k 3( ) 3 x0 k 4( ) 

 

 

Not as good noise reduction as an αβϒ position section. 

 

 

 

As expected, the noise reduction is unchanged. 



26 | P a g e  

 
                            αβϒ Position Noise Output  

                       Figure 18 

 

A Summary of all noise calculations is presented in Table 1 below 

Notice that the αβϒ acceleration section is shaded because of its limited bandwidth and time delay.  We now 
proceed to a periodic signal noise analysis to show this. 
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Summary of Noise Calculations 
Noise Comparisons 

Α = 0.300  σvar = 1.3351E-03       
    β = .0356  Ts = 0.0016 s         
    ϒ = 0.00141          
               
               
               

Position  σy_αβϒ_i 6.41E-04   σy_SG_i 9.23E-04   σy_num_i 7.80E-04     
               
               
Velocity  σv_αβϒ_i 0.044   σv_SG_i 0.262   σv_num_i 0.569   σv_Rch_i 0.766 
               
               

Acceleration σa_αβϒ_i 0.543   σa_SG_i 266.66   σa_num_i 1.29E+03   σa_Rch_i 1.63E+03 
               
               
               

RATIOs   σy_αβϒ_i  / σvar 0.480   σy_SG_i  /σvar 0.691   
σy_num_i / 
σvar 0.584   

σy_Rch_i / 
σvar ___ 

               
               

   σv_αβϒ_i  /  σvar 32.96   σv_SG_i  /σvar 196.24   
σv_num_i / 
σvar 437.42   

σv_Rch_i 
/σvar 573.74 

               
               

    σa_αβϒ_i  / σvar 406.71   σa_SG_i  /σvar 2.00E+05   
σa_num_i / 
σvar 9.66E+05   

σa_Rch_i 
/σvar 1.22E+06 

 
 

Table 1. 
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Part 5– Periodic Noise Calculations – αβϒ with Sine Input 

 
 

For this analysis the input is  

x4 k( ) x4_init SIN k 3( ) on Vark   k 3( )
 

 
where 

SIN k( ) Ap sin k Ts sig   k( )
 

 
  Let ωsig = 18 rad/s, Ap = 5 units and x4_int = 0 

Using EQ 26, 27 and 28: 

 

From EQ 29, 30 and 31: 
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Let  
 

 

Position -- Sin Input
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Velocity   -- SINE Input  

 

Acceleration   -- SIN Input   
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Again, these results match the aperiodic values.  
 
Input Signal to Noise  

 

Output Signal to Noise – for each Filter Section 
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Relative Noise Levels 

 

Recall that the first and second derivatives multiply the sinusoidal outputs by ωsig and ωsig2. 
Next is shown a comparison between each ideal output and actual filter section output without additive noise: 
 

 

 

               Position Output Comparison - Ideal vs. Actual Output 
            Figure 19 
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               Velocity Output Comparison - Ideal vs. Actual Output 
            Figure 20 

 

 

               Acceleration Output Comparison - Ideal vs. Actual Output 
            Figure 21 
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Part 6 – Bandwidth and Noise Dependance on αβϒ Parameters 
Ts is constant = 0.0016 s 

    

Bandwidth and Noise vs. αβϒ 
Parameters             

   
Noise Input =  
1.3351 E-03         

    

3dB 
Bandwidth       
BW / Ts      

 Ts 
=1.6E-3s         

                      

Item 
(n) 

Parameter 
Pos  
BW 

Noise 
Out 

Ratio 
Noise 

Vel 
BW 

Noise 
Out 

Ratio 
Noise 

Accl 
BW 

Noise 
Out 

Ratio 
Noise 

             

0 α = 0.3 0.44 
6.41E-

04 1 0.1784 0.0436 1 0.02396 0.5426 1 
             

1 α = 0.4 0.6184 
7.44E-

04 1.158 0.2548 0.0733 1.68 0.03429 1.3247 2.441 
             

2 α = 0.5 0.8244 
8.38E-

04 1.307 0.3454 0.1133 2.599 0.04644 2.76 5.087 
             

3 α = 0.625 1.1455 
9.50E-

04 1.48 0.4893 0.1862 4.2706 0.06556 6.43 11.85 
             

4 α = 0.75 1.615 
1.064E-

03 1.66 0.6967 0.3038 7.2546 0.09205 14.85 27.4 

 
Table 2  

 
Let the Item Number = n and use it as a reference to point to the alpha entries. Note: The full αβϒ parameter 
set is referenced by α and/or n as tabulated below: 
 

 
 
The β and ϒ values are derived from the document Alpha-Beta-Gamma Tracking Filter Analysis 
 by this author. See EQ 38 and 39 on p 11.  Analytical Reference is provided. 
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Bandwidth and noise patterns observed: 
 
From Table 2, for all filter sections, a pattern emerges for the 3 dB bandwidth (the number which is divided by 
Ts, see blue headings). One sees that starting with n = 0, each successive entry is a multiple of the square root 
of 2. That is within +/- 10 %:    Valid over the range 0.3 ≤ α ≤ 0.75 

Define - ωy_αβϒ_3dB_0, ωv_αβϒ_3dB_0 and ωa_αβϒ_dB_0 as the initial values (n = 0).  
 
Then - 

 
 
Where from Table 2 – 
 

 
 
Next it is found that for each noise standard deviation ratio the following is – 
 
For Position Section  

  
 
Velocity Section  
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Acceleration Section  

 
 
Note that from Table 2 
 

 
 
 Manipulating Equations 32 through 37 we find: 
 
“Includes a small fudge factor.”   Accuracy is within +/- 5.5 % for any α or α(n).  

 
Estimated Noise Output: 
 

 
 

Values compare well with those in Table 2. 

Note that the power in EQ 40 is (5 n / 2) 0.9845n. 
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Below are plots of Noise Output vs α for each αβϒ Filter Section: 

 

 

        Position Section Noise Out as a Function of α(n) 
      Figure 22 

 
Velocity Section Noise Out as a Function of α(n)  

Figure 23   

 
             Acceleration Section Noise Out as a Function of α(n) 

             Figure 24 
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Part 7 – Observations and Conclusions  

Observations: 

1. For all position filter sections – output noise does not depend on the sampling rate.  
 

2. For all velocity filter sections – output noise is inversely proportional to the sampling rate. 
 

  
v_

1

Ts  
3. For all acceleration filter sections – output noise is inversely proportional to the sampling rate squared. 

  

a_
1

Ts
2

 
So Ts should be as large as possible but is bound by the Nyquist Rate Criterion of: 
 

 
 

4. The αβϒ filter provides the best overall noise reduction of all filters. However, being an Infinite Impulse 
Response (IIR) type digital filter, there is a non-linear phase response (Refer to Figures 1 b, 2 b and 3 b) 
and therefore the time delay is a function of frequency.  This is captured in Figures 12, 13 and 14. 
 

5. For the αβϒ Filter the lower the α the better the noise performance (because of lower bandwidth). 
Refer to Figures 22, 23 and 24. 
 

6. The SG filter is the best filter choice when processing sine-cosine encoder outputs. This is due to the 
linear phase of all filter sections allowing higher sinusoidal frequencies without distortion.  Refer below 
to Reference 13. 
 

7. Equations EQ 26 through 31 are valid for any α value! 
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