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Cascade Velocity PI Controller Torque Disturbance Analysis 

 

 

Figure 1 
Velocity Loop Model with a Torque Disturbance 

 

 

The intent of this document is to provide a Mathcad model which can be used to evaluate the transient 
response to various torque disturbances applied at the load. 

Note that the model does not include a prefilter.  A prefilter does not impact the response to a torque 
disturbance for a velocity loop. In a posiƟon loop implementaƟon the outer loop is much slower than the inner 
velocity loop. 

We divide the analysis into 3 zones. 

1. Χ = 3  
2. 2 ≤  χ < 3  
3. 3 < χ < 25 

This was done to provide the best matching of esƟmates to the peak amplitude and its Ɵme of occurrence.   
These esƟmates were provided in the document Cascade PI Controller Design using a Limited Span Method 
(LSM) by EQ 33 through EQ 36.   
 
The Ɵme response was adjusted to each zone as a funcƟon of the damping factor ζ. 
 
 
Background:   
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As we desire the outout angular speed change with respect to a load torque disturbance:
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From the Model  

T S( ) TL S( ) Tq S( ) Summing Point for the torque disturbance

With an Open Loop Gain 
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Therefore  T S( ) TL S( )
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Note that the Sensitivity Function is :
S_spd S( )

1

1 Gol_spd S( )
EQ 4  

Therefore T S( ) S_spd S( ) TL S( ) EQ 5   
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In all cases the poles and zeroes are established by equaƟons listed in the document Cascade PI Controller 
Design using a Limited Span Method – Closed Loop Summary (pages 10 and 11) 
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Throughout 
 

 
 
  See Page 11, χ = 3, ζ = 1 in the document: Cascade PI Controller Design using a Limited Span Method. 
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See Page 21, EQ 33, and EQ 35 in the document: Cascade PI Controller Design using a Limited Span Method. 
 

 
 

Time Domain response to a Impulse of torque  

S S D 

S c   3
TLp

J


kg m
2

N m


1

s
 EQ 8    = 3  [  = 1 ] 

out_I_EQ3 t( )
TLp

J

kg m
N


1

s


1
2

t2 c   D
1

2
c  2 t2 t D 2 t c   1





 exp c   t  EQ 9  

 
 

 
 
 
 
 
 
 



Page 7 of 25 
 

 
 

 
 

Note that at the end of the move due to the torque step disturbance a residual phase offset will result. 
This is the result of integraƟng the angular frequency plot (EQ 10 above, χ = 3.0). 
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See Page 21, EQ 33, and EQ 35 in the document: Cascade PI Controller Design using a Limited Span Method. 
 

 
 
See Page 11, χ < 3, ζ < 1 in the document: Cascade PI Controller Design using a Limited Span Method. 
 



Page 9 of 25 
 

 
 
See Page 21, EQ 33, and EQ 35 in the document: Cascade PI Controller Design using a Limited Span  
           Method. 
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Time domain response to a Impulse of torque.

t 0 s 0.0001 s 0.3 s Time Range Variable
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Time domain response to a Step of torque.
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Let 
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Note that at the end of the move due to the torque step disturbance a residual phase offset will result. 
 
Plot for the above example is shown below.   
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This is the result of integraƟng the angular frequency plot (EQ 30 above, χ = 2.716). 
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See Page 10, χ > 3, ζ > 1 in the document: Cascade PI Controller Design using a Limited Span Method. 
 

 
 
 

See Pages 21 and 22, EQ 33 through EQ 36 in the document: Cascade PI Controller Design using a Limited Span  
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Time Domain Response to an Step of Torque 

   25 For [  >  1]  
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This is the result of integraƟng the angular frequency plot (EQ 42 above, χ = 4.0). 
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Sinusoidal Response 

 
 
 

 
 

Zone 1   

 
GdB                    
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Zone 2  

 
 

Using equaƟons EQ 10 through EQ 15 results in the following amplitude/phase plots below: 
 

         GdB                
 

 
 

 
            Torque Summing Point 
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Zone 3   
 

 
Using equaƟons EQ 10 through EQ 15 results in the following amplitude/phase plots below: 
 

         GdB                 
 

 
 

Torque Summing Point  
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Comparison Summary 
 

 
           Frequence Domain Comparisons 
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Comparison Summary 
(conƟnued) 

 
Considering the residual posiƟon from a step of torque: 
Repeat the equaƟons -  
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Rearranging and IntegraƟng EQ 7 
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Using the Final Value Theorem for Laplace Transforms which is: 
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When TL(S) = TLp (Impulse of Torque)  
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Then TL(S) = TLp / S (Step of Torque) 
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However, note that when integraƟng the velocity Impulse response, the following is true: 
(For the same Impulse and Step funcƟon amplitude / area value and InerƟa) 
 
X = LT3 or EQ3 or GT3 
 
With Tv Maximizeout_S_X tv 

0

Tv

tout_I_X t( )




d

1 s
out_S_X Tv  EQ 52  

Tv is the crossover time (out  = 0) for the Impulse Response as well as the peak time 
for the Step Response!  

 
That is 

 
 

 
 

 


